Introduction
In a previous paper, the first author and Richard Schoen proved the following theorem, which implies the differentiable sphere theorem:
, Theorem 3). Let (M, g 0 ) be a compact manifold of dimension n ≥ 4. Assume that the curvature tensor of g 0 satisfies R(ϕ, ϕ) + R(ψ, ψ) > 0 for all two-vectors ϕ, ψ of the form ϕ = a 1 e 1 ∧ e 3 + a 2 e 4 ∧ e 2 ψ = b 1 e 1 ∧ e 4 + b 2 e 2 ∧ e 3 , where {e 1 , e 2 , e 3 , e 4 } is an orthonormal four-frame and a 1 , a 2 , b 1 , b 2 are real numbers satisfying a 1 a 2 = b 1 b 2 and max{a 2 1 , a 2 2 , b 2 1 , b 2 2 } = 1. Then the normalized Ricci flow g(t) converges in C ∞ to a constant curvature metric as t → ∞.
The assumption in Theorem 1 implies that M × R 2 has nonnegative isotropic curvature. In this paper, we prove a generalization of Theorem 1 that requires only the weaker assumption that M × R has positive isotropic curvature: Theorem 2. Let (M, g 0 ) be a compact manifold of dimension n ≥ 7. Let g(t) be the solution of the normalized Ricci flow with initial metric g 0 . If (M, g 0 ) × R has positive isotropic curvature, then g(t) converges in C ∞ to a constant curvature metric as t → ∞.
A straightforward calculation shows that (M, g 0 )×R has positive isotropic curvature if (M, g 0 ) has 2-positive curvature operator. Hence, in dimension n ≥ 7, the main theorem of C. Böhm and B. Wilking [1] is a subcase of Theorem 2.
The coneC
Let R be a curvature operator R on R n . We define a curvature operator R on R n × R byR (v, w, x, y) = R(π(v), π(w), π(x), π(y)), where π denotes the canonical projection from R n × R to R n . We denote byC the set of all curvature operators on R n with the property thatR has nonnegative isotropic curvature: C = {R :R has nonnegative isotropic curvature}.
Clearly,C is closed, convex, and O(n)-invariant. Moreover, it follows from the results in [2] Proof. Fix a curvature operator R ∈C. In order to prove (i), we consider an orthonormal frame {e 1 , e 2 , e 3 } ⊂ R n . We can find an orthonormal fourframe {ẽ 1 ,ẽ 2 ,ẽ 3 ,ẽ 4 } in R n × R such that π(ẽ 1 ) = e 1 , π(ẽ 2 ) = 0, π(ẽ 3 ) = e 2 , π(ẽ 4 ) = e 3 . SinceR has nonnegative isotropic curvature, we have
= R(e 1 , e 2 , e 1 , e 2 ) + R(e 1 , e 3 , e 1 , e 3 ). Using property (ii), we obtain
This implies Ric 11 ≥ max{R 1212 , −(n − 3)R 1212 } ≥ 0. Hence, the Ricci tensor of R is nonnegative. From this we deduce that scal ≥ Ric 11 + Ric 22 ≥ 2 max{R 1212 , −(n − 3)R 1212 }. Hence, the scalar curvature of R is strictly positive unless all sectional curvatures of R are zero. This completes the proof.
Following Böhm and Wilking [1] , we define a family of linear transformation l a,b on the space of curvature operators by
Here, Ric and scal denote the Ricci tensor and scalar curvature of R, respectively. The following result is an immediate consequence of a general result of Böhm and Wilking [1] :
Then the cone l a,b (C) is invariant under the ODE We next consider the coneĈ introduced in [2] . We will show that, for a suitable choice of a and b, the cone l a,b (C) is contained inĈ. The proof of this fact is based on two lemmata:
Lemma 5. Assume that R ∈C. Moreover, let {e 1 , e 2 , e 3 , e 4 } be an orthonormal four-frame in R n , and let a 1 , a 2 be real numbers such that max{a 2 1 , a 2 2 } ≤ 1. Then
Proof. Fix p such that 5 ≤ p ≤ n, and consider the following four-frame in R n × R:
2 e p , 0). SinceR has nonnegative isotropic curvature, we havẽ
This implies
Taking the arithmetic mean of (1) and (2), we obtain
We now take the sum over p, 5 ≤ p ≤ n. Using Proposition 3, we obtain Ric 11 ≥ n p=5 R 1p1p and Ric 22 ≥ n p=5 R 2p2p . From this the assertion follows.
Lemma 6. Assume that R ∈C. Moreover, let {e 1 , e 2 , e 3 , e 4 } be an orthonormal four-frame in R n , and let a 1 , a 2 be real numbers such that max{a 2 1 , a 2 2 } ≤ 1. Then
2 ). SinceR has nonnegative isotropic curvature, we havẽ
This implies
Taking the arithmetic mean of (4) and (5), we obtain
We now take the sum over p, 5 ≤ p ≤ n. It follows from Proposition 3 that Ric 33 ≥ Proof. Let S = R + 1 n−4 Ric ∧ id, so that
In view of the results in Section 4 of [2] , it suffices to show that S(ϕ, ϕ) + S(ψ, ψ) ≥ 0 for all two-vectors ϕ, ψ of the form
where {e 1 , e 2 , e 3 , e 4 } is an orthonormal four-frame in R n and a 1 , a 2 , b 1 , b 2 are real numbers satisfying a 1 a 2 = b 1 b 2 and max{a 2 1 , a 2 2 , b 2 1 , b 2 2 } = 1. We may assume without loss of generality that b 2 = 1. Using the relation a 1 a 2 = b 1 , we obtain Since R ∈C, we have by Lemma 5 and Lemma 6. Taking the arithmetic mean of (7) and (8), we conclude that S(ϕ, ϕ) + S(ψ, ψ) ≥ 0. Therefore, S ∈Ĉ, as claimed.
Corollary 8. Assume that n ≥ 7, and let
If R ∈C \ {0}, then l s 0 +(n−2)s 2 0 /2,s 0 (R) lies in the interior of the coneĈ. Proof. The inequality n ≥ 7 implies
From this it follows that
Therefore, 2s 0 ≥ 1 n−4 . By Proposition 3, the Ricci tensor of R is nonnegative and the scalar curvature of R is strictly positive. Hence, the curvature operator
is strictly positive, and therefore lies in the interior ofĈ. Moreover, it follows from Proposition 7 that
Therefore, the sum
lies in the interior ofĈ.
Proof of the main theorem
In [2] , we have defined a family of conesĈ(s), s > 0, bŷ It is shows in [2] that the conesĈ(s), s > 0, form a pinching family in the sense of [1] .
As above, let s 0 = 2n(n − 2) + 4 − 2 n(n − 2) .
By Corollary 8, we can find a real number ε > 0, depending only on n, such that l s 0 +(n−2)s 2 0 /2,s 0 (C) ⊂Ĉ(ε). We then define a family of conesC(s), s > 0, bỹ 
